ABSTRACT. In this paper we apply the concept of interval-valued bifuzzy sets to hemirings. We introduce the notion of interval-valued bifuzzy left h-ideals of hemirings and investigate some of their properties. Using interval-valued bifuzzy left h-ideals, characterizations of Artinian and Noetherian hemirings are established.
Introduction
Hemirings appear in a natural manner in some applications to the theory of automata and formal languages [1] . It is a well known result that regular languages form so-called star semirings. According to the well known theorem of Kleene, the languages, or sets of words, recognized by finite-state automata are precisely those that are obtained from letters of input alphabets by the application of the operations: sum (union), concatenation (product), and Kleene star (Kleene closure). If a language is represented as a formal series with the coefficients in a Boolean semiring, then the Kleene theorem can be well described by the Kleene-Schützenberger Representation theorem. Moreover, if the coefficient semiring is a field, then a series is rational if and only if its syntactic algebra [18] has a finite rank. Ideals of hemirings play a central role in the structure theory and are useful for many purposes. However, they do not in general coincide with the usual ring ideals. Many results in rings apparently have no analogues in hemirings using only ideals. H e n r i k s e n defined in [13] a more restricted class of ideals in semirings, which is called the class of k-ideals, with the property that if the semiring R is a ring then a complex in R is a k-ideal if and only if it is a ring ideal. Another more restricted, but very important, class of ideals, called now h-ideals, has been given and investigated by I z u k a [12] and L a T o r r e [17] .
Interval-valued fuzzy sets [20] and intuitionistic fuzzy sets [5] are two intuitively straightforward extensions of Z a d e h 's fuzzy sets [19] . G e r s t e n k o r n and M ań k o [17] re-named the intuitionistic fuzzy sets as bifuzzy sets in 1995. Bifuzzy set is an extension of fuzzy set theory in which not only a membership degree is given, but also a non-membership degree, which is more or less independent. Considering the increasing interest in bifuzzy sets, it is useful to determine the position of bifuzzy set theory in the framework of the different theories modelling imprecision. A t a n a s s o v and G a r g o v [6] introduced the notion of interval valued bifuzzy sets which is a generalization of both bifuzzy sets and interval-valued fuzzy sets.
The notion of fuzzy hemirings was introduced by J u n -Ö z tü r k -S o n g in [12] and further discussed by Z h a n -D u d e k in [21] . The concept of anti fuzzy h-ideals was discussed by A k r a m -D a r in [2] and further studied in [3] . The notion of bifuzzy h-ideals of hemirings was introduced by D u d e k [9] . On the other hand, the notion of bifuzzy k-ideals of semirings was introduced by A k r a m -D u d e k in [4] . In this paper we apply the concept of intervalvalued bifuzzy sets to hemirings. We introduce the notion of interval-valued bifuzzy left h-ideals of hemirings and investigate some of their properties. Using interval-valued bifuzzy left h-ideals, characterizations of Artinian and Noetherian hemirings are established.
Preliminaries
In this section we review some elementary facts that are necessary for this paper:
An algebra (R, +, ·) is said to be a semiring if it satisfies the following conditions:
• (R, +) is a semigroup,
A semiring (R, +, ·) is called a hemiring if (H1) '+' is commutative and (H2) there exists an element 0 ∈ R such that 0 is the identity of (R, +) and the zero element of (R, ·), i.e., 0 · a = a · 0 = 0, for all a ∈ R.
A subset I of a semiring R is called a left ideal of R if I is closed under addition and
Right h-ideals are defined similarly. A mapping f : R 1 → R 2 is said to be hemiring homomorphism of
Let µ be a fuzzy set on R, i.e., a map µ :
and put 
) and the degree of non-membership (namely λ A (x)) of each element x ∈ R to A respectively. Throughout this paper, the following notations will be used.
(i) we use 0 to denote the interval-valued fuzzy empty set and 1 to denote the interval-valued fuzzy whole set in a set R, and we define 0(x) = [0, 0] and
(ii) We write
Interval-valued bifuzzy left h-ideals
interval-valued bifuzzy left h-ideal of R if the following conditions are satisfied: We define an interval-valued bifuzzy set
By routine computations, it is easy to see that
By a simple verification of the corresponding axioms we can see that the following theorem is true. 
Ì ÓÖ Ñ 3.4º If all nonempty level subsets
, which is a contradiction. Hence the condition (1) is true. The proof of other conditions is similar.
We now characterize the bifuzzy left h-ideals of hemirings.
P r o o f. The sufficiency follows from Lemma 3.6. In proving the necessity, since f is a surjective mapping, for any x, y ∈ R 2 there are z 1 ) for some x 1 , y 1 , a 1 , b 1 , z 1 ∈ R 1 . Thus, according to the assumption, we have
Ò Ø ÓÒ 3.8º A hemiring R is said to be Noetherian if every left h-ideal of R is finitely generated. We say that R satisfies the ascending chain condition if for every ascending sequence I 1 ⊆ I 2 ⊆ I 3 ⊆ · · · of left h-ideals of R there exists a natural number n such that I n = I k for all n k. We say that R is said to the satisfy the interval-valued fuzzy ascending chain condition if for every ascending sequence A 1 ⊆ A 2 ⊆ · · · of interval-valued fuzzy left h-ideals in R there exists a natural number n such that µ n = µ k for all n k.
The following is obvious.
Ä ÑÑ 3.9º Let A = ( µ A , λ A ) be a bifuzzy left h-ideal of a hemiring R and let s, t ∈ Im( µ
A ), s, t ∈ Im( λ A ). Then U ( µ A ; s) = U ( µ A ; t) ⇐⇒ s = t, and L( λ A ; s) = L( λ A ; t) ⇐⇒ s = t.
Ì ÓÖ Ñ 3.10º Let R be a hemiring. Every interval-valued bifuzzy left h-ideal of R has finite number of values if and only if R is Artinian.
P r o o f. Suppose that every interval-valued bifuzzy left h-ideal of a hemiring R has finite number of values but R is not Artinian. Then there exists a strictly descending chain
Let x, y ∈ R. Then x + y, xy ∈ A n \ A n+1 for some n = 0, 1, 2, · · · , and either x / ∈ A n+1 or y / ∈ A n+1 . So for definiteness, let x, y ∈ A n \ A n+1 , for k ≤ n, then, it follows that 
for all i, by applying Lemma in 3.9, we have s i = s i+n , t i = t i+n , for all n ≥ 1. This is clearly a contradiction since s i , t i are all different.
On the other hand, if [
is an ascending chain of left h-ideals of R. Since R is Noetherian, there exists a natural number j such that
for all j, by Lemma 3.9 s j = s j+n , t j = t j+n for all n ≥ 1, which is again a contradiction since s j , t j are distinct. This shows that Im( µ A ) is finite. For Im( λ A ), the proof is similar.
Ì ÓÖ Ñ 3.11º Let a hemiring R be Artinian and let
where U µ A and L λ A denote a family of all level left h-ideals of R with respect to µ A and λ A , respectively. P r o o f. Since R is Artinian, it follows from Theorem 3.10 that Im( µ A ) is finite. Let Im( µ A ) = { t 1 , t 2 , · · · , t n } where t 1 < t 2 < · · · < t n . It is sufficient to show that U µ A consists of level left h-ideals of R with respect to µ A for all
0) and let U ( µ; t) be a level left h-ideal of R with respect to µ A . Assume that t / ∈ Im( µ A ). If t < t 1 , then clearly U ( µ A ; t) = U ( µ; t 1 ), and so let t i < t < t i+1 for some i. 
Since
Clearly, (1) and (2) contradict each other. Hence U ( µ A ; t 2 ) = U ( ν B ; t 2 ). Continuing in this way, we get
Thus we have a contradiction. Hence i = m and
(ii) The proof is similar. 
which is a contradiction.This completes the proof.
